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Abstrat
We extend the onept of Wigner-Yanase-Dyson skew information
to something we all metri adjusted skew information (of a state
with respet to a onserved observable). This skew information is
intended to be a non-negative quantity bounded by the variane (of
an observable in a state) that vanishes for observables ommuting with
the state. We show that the skew information is a onvex funtion on
the manifold of states. It also satises other requirements, proposed by
Wigner and Yanase, for an eetive measure-of-information ontent of
a state relative to a onserved observable. We establish a onnetion
between the geometrial formulation of quantum statistis as proposed
by Chentsov and Morozova and measures of quantum information as
introdued by Wigner and Yanase and extended in this artile. We
show that the set of normalized Morozova-Chentsov funtions desrib-
ing the possible quantum statistis is a Bauer simplex and determine
its extreme points. We determine a partiularly simple skew informa-
tion, the λ-skew information, parametrized by a λ ∈ (0, 1], and show
that the onvex one this family generates oinides with the set of all
metri adjusted skew informations.
Key words: Skew information, onvexity, monotone metri, Morozova-
Chentsov funtion, λ-skew information.
1 Introdution
In the mathematial model for a quantum mehanial system, the physial
observables are represented by self-adjoint operators on a Hilbert spae. The
states (that is, the expetation funtionals assoiated with the states) of
the physial system are often modeled by the unit vetors in the underlying
Hilbert spae. So, if A represents an observable and x ∈ H orresponds to
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a state of the system, the expetation of A in that state is (Ax | x). For
what we shall be proving, it will sue to assume that our Hilbert spae is
nite dimensional and that the observables are self-adjoint operators, or the
matries that represent them, on that nite dimensional spae. In this ase,
the states an be realized with the aid of the trae (funtional) on matries
and an assoiated density matrix. We denote by Tr(B) the usual trae of
a matrix B (that is, Tr(B) is the sum of the diagonal entries of B). The
expetation funtional of a state an be expressed as Tr(ρA), where ρ is a
matrix, the density matrix assoiated with the state, and Tr(ρA) is the
trae of the produt ρA of the two matries ρ and A. (Heneforth, we write
Tr ρA omitting the parentheses when they are learly understood.)
In [21℄, Wigner notied that the obtainable auray of the measurement
of a physial observable represented by an operator that does not ommute
with a onserved quantity (observable) is limited by the extent of that
non-ommutativity. Wigner proved it in the simple ase where the physial
observable is the x-omponent of the spin of a spin one-half partile and the
z-omponent of the angular momentum is onserved. Araki and Yanase [1℄
demonstrated that this is a general phenomenon and pointed out, follow-
ing Wigner's example, that under fairly general onditions an approximate
measurement may be arried out.
Another dierene is that observables that ommute with a onserved ad-
ditive quantity, like the energy, omponents of the linear or angular momenta,
or the eletrial harge, an be measured easily and aurately by mirosopi
apparatuses (the analysis is restrited to one onserved quantity), while other
observables an be only approximately measured by a marosopi appara-
tus large enough to superpose suiently many states with dierent quantum
numbers of the onserved quantity.
Wigner and Yanase [22℄ proposed nding a measure of our knowledge of
a diult-to-measure observable with respet to a onserved quantity. The
quantum mehanial entropy is a measure of our ignorane of the state of a
system, and minus the entropy an therefore be onsidered as an expression
of our knowledge of the system. This measure has many attrative properties
but does not take into aount the onserved quantity. In partiular, Wigner
and Yanase wanted a measure that vanishes when the observable ommutes
with the onserved quantity. It should therefore not measure the eet of
mixing in the lassial sense as long as the pure states taking part in the
mixing ommute with the onserved quantity. Only transition probabilities
of pure states lying askew (to borrow from the introdution of [22℄) to
the eigenvetors of the onserved quantity should give ontributions to the
proposed measure.
Wigner and Yanase disussed a number of requirements that suh a mea-
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sure should satisfy in order to be meaningful and suggested, tentatively, the
skew information dened by
I(ρ, A) = −1
2
Tr
(
[ρ1/2, A]2
)
,
where [C,D] is the usual braket notation for operators or matries: [C,D] =
CD−DC, as a measure of the information ontained in a state ρ with respet
to a onserved observable A. It manifestly vanishes when ρ ommutes with
A, and it is homogeneous in ρ.
The requirements Wigner and Yanase disussed, all reeted properties
onsidered attrative or even essential. Sine information is lost when sep-
arated systems are united suh a measure should be dereasing under the
mixing of states, that is, be onvex in ρ. The authors proved this for the
skew information, but noted that other measures may enjoy the same prop-
erties; in partiular, the expression
−1
2
Tr[ρp, A][ρ1−p, A] 0 < p < 1
proposed by Dyson. Convexity of this expression in ρ beame the elebrated
Wigner-Yanase-Dyson onjeture whih was later proved by Lieb [14℄. (See
also [7℄ for a truly elementary proof.)
The measure should also be additive with respet to the aggregation of
isolated subsystems and, for an isolated system, independent of time. These
requirements are disussed in more detail in setion 3.1. They are easily seen
to be satised by the skew information.
In the proess that is the opposite of mixing, the information ontent
should derease. This requirement omes from thermodynamis where it
is satised for both lassial and quantum mehanial systems. It reets
the loss of information about statistial orrelations between two subsystems
when they are only onsidered separately. Wigner and Yanase onjetured
that the skew information also possesses this property. They proved it when
the state of the aggregated system is pure
1
.
The aim of this artile is to onnet the subjet of measures of quan-
tum information as laid out by Wigner and Yanase with the geometrial
formulation of quantum statistis by Chentsov, Morozova and Petz.
The Fisher information measures the statistial distinguishability of prob-
ability distributions. Let Pn = {p = (p1, . . . , pn) | pi > 0} be the (open)
probability simplex with tangent spae TPn. The Fisher-Rao metri is then
given by
Mp(u, v) =
n∑
i=1
uivi
pi
u, v ∈ TPn.
1
We subsequently demonstrated [9℄ that the onjeture fails for general mixed states.
3
Note that u = (u1, . . . , un) ∈ TPn if and only if u1+· · ·+un = 0, but that the
metri is well-dened also onR
n. Chentsov proved that the Fisher-Rao metri
is the unique Riemannian metri ontrating under Markov morphisms [2℄.
Sine Markov morphisms represent oarse graining or randomization, it
means that the Fisher information is the only Riemannian metri possessing
the attrative property that distinguishability of probability distributions
beomes more diult when they are observed through a noisy hannel.
Chentsov and Morozova extended the analysis to quantum mehanis by
replaing Riemannian metris dened on the tangent spae of the simplex
of probability distributions with positive denite sesquilinear (originally bi-
linear) forms Kρ dened on the tangent spae of a quantum system, where
ρ is a positive denite state. Customarily, Kρ is extended to all operators
(matries) supported by the underlying Hilbert spae, f. [19, 6℄ for details.
Noisy hannels are in this setting represented by stohasti (ompletely pos-
itive and trae preserving) mappings T, and the ontration property by the
monotoniity requirement
KT (ρ)(T (A), T (A)) ≤ Kρ(A,A)
is imposed for every stohasti mapping T : Mn(C) → Mm(C). Unlike the
lassial situation, it turned out that this requirement no longer uniquely
determines the metri. By the ombined eorts of Chentsov, Morozova and
Petz it is established that the monotone metris are given on the form
(1) Kρ(A,B) = TrA
∗c(Lρ, Rρ)B,
where c is a so alled Morozova-Chentsov funtion and c(Lρ, Rρ) is the fun-
tion taken in the pair of ommuting left and right multipliation operators
(denoted Lρ and Rρ respetively) by ρ. The Morozova-Chentsov funtion is
of the form
c(x, y) =
1
yf(xy−1)
x, y > 0,
where f is a positive operator monotone funtion dened in the positive
half-axis satisfying the funtional equation
(2) f(t) = tf(t−1) t > 0.
The funtion
f(t) =
t+ 2
√
t + 1
4
t > 0
is learly operator monotone and satises (2). The assoiated Morozova-
Chentsov funtion
cWY (x, y) =
4
(
√
x+
√
y)2
x, y > 0
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therefore denes a monotone metri
KWYρ (A,B) = TrA
∗cWY (Lρ, Rρ)B,
whih we shall all the Wigner-Yanase metri. The starting point of our
investigation is the observation by Gibiliso and Isola [4℄ that
I(ρ, A) = 1
8
Tr i[ρ, A]cWY (Lρ, Rρ)i[ρ, A].
There is thus a relationship between the Wigner-Yanase measure of quantum
information and the geometrial theory of quantum statistis. It is the aim
of the present artile to explore this relationship in detail. The main result
is that all well-behaved measures of quantum information - inluding the
Wigner-Yanase-Dyson skew informations - are given in this way for a suitable
sublass of monotone metris.
1.1 Regular metris
Denition 1.1 (Regular metri). We say that a symmetri monotone metri
[16, 20℄ on the state spae of a quantum system is regular, if the orresponding
Morozova-Chentsov funtion  admits a stritly positive limit
m(c) = lim
t→0
c(t, 1)−1.
We all m(c) the metri onstant.
We also say, more informally, that a Morozova-Chentsov funtion c is
regular if m(c) > 0. The funtion f(t) = c(t, 1)−1 is positive and operator
monotone on the positive half-line and may be extended to the losed positive
half-line. Thus the metri onstant m(c) = f(0).
Denition 1.2 (metri adjusted skew information).
Let c be the Morozova-Chentsov funtion of a regular metri. We introdue
the metri adjusted skew information Icρ(A) by setting
(3)
Icρ(A) =
m(c)
2
Kcρ(i[ρ, A], i[ρ, A])
= m(c)
2
Tr i[ρ, A]c(Lρ, Rρ)i[ρ, A]
for every ρ ∈Mn (the manifold of states) and every self-adjoint A ∈Mn(C).
Note that the metri adjusted skew information is proportional to the
square of the metri length, as it is alulated by the symmetri monotone
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metri Kcρ with Morozova-Chentsov funtion c, of the ommutator i[ρ, A],
and that this ommutator belongs to the tangent spae of the state manifold
Mn. Metri adjusted skew information is thus a non-negative quantity. If we
onsider the WYD-metri with Morozova-Chentsov funtion
cWYD(x, y) =
1
p(1− p) ·
(xp − yp)(x1−p − y1−p)
(x− y)2 0 < p < 1,
then the metri onstant m(cWYD) = p(1− p) and the metri adjusted skew
information
Ic
WYD
ρ (A) =
p(1−p)
2
Tr i[ρ, A]cWYD(Lρ, Rρ)i[ρ, A]
= −1
2
Tr[ρp, A][ρ1−p, A]
beomes the Dyson generalization of the Wigner-Yanase skew information
2
.
The hoie of the fator m(c) therefore works also for p 6= 1/2. It is in
fat a quite general onstrution, and the metri onstant is related to the
topologial properties of the metri adjusted skew information lose to the
border of the state manifold. But it is diult to asertain these properties
diretly, so we postpone further investigation until having established that
Icρ(A) is a onvex funtion in ρ. Sine the ommutator i[ρ, A] = i(Lρ −Rρ)A
we may rewrite the metri adjusted skew information as
(4)
Icρ(A) =
m(c)
2
TrA(i(Lρ − Rρ))∗c(Lρ, Rρ)i(Lρ −Rρ)A
= m(c)
2
TrA cˆ(Lρ, Rρ)A,
where
(5) cˆ(x, y) = (x− y)2c(x, y) x, y > 0.
Before we an address these questions in more detail, we have to study
various haraterizations of (symmetri) monotone metris.
2 Charaterizations of monotone metris
Theorem 2.1. A positive operator monotone dereasing funtion g dened
in the positive half-axis and satisfying the funtional equation
(6) g(t−1) = t · g(t)
2
Hasegawa and Petz proved in [18℄ that the funtion cWYD is a Morozova-Chentsov
funtion. They also proved that the Wigner-Yanase-Dyson skew information is propor-
tional to the (orresponding) quantum Fisher information of the ommutator i[ρ,A].
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has a anonial representation
(7) g(t) =
∫ 1
0
(
1
t+ λ
+
1
1 + tλ
)
dµ(λ),
where µ is a nite Borel measure with support in [0, 1].
Proof. The funtion g is neessarily of the form
g(t) = β +
∫
∞
0
1
t + λ
dµ(λ),
where β ≥ 0 is a onstant and µ is a positive Borel measure suh that the
integrals
∫
(1 + λ2)−1dµ(λ) and
∫
λ(1 + λ2)−1dµ(λ) are nite, f. [8, Page 9℄.
We denote by µ˜ the measure obtained from µ by removing a possible atom
in zero. Then, by making the transformation λ→ λ−1, we may write
g(t) = β +
µ(0)
t
+
∫
∞
0
1
t+ λ
dµ˜(λ)
= β +
µ(0)
t
+
∫
∞
0
1
t+ λ−1
· 1
λ2
dµ˜(λ−1)
= β +
µ(0)
t
+
∫
∞
0
1
1 + tλ
dν(λ),
where ν is the Borel measure given by dν(λ) = λ−1dµ˜(λ−1). Sine g satises
the funtional equation (6) we obtain
β + µ(0)t+
∫
∞
0
1
1 + t−1λ
dν(λ) = tβ + µ(0) +
∫
∞
0
t
t + λ
dµ˜(λ).
By letting t→ 0 and sine ν and µ˜ have no atoms in zero, we obtain β = µ(0)
and onsequently∫
∞
0
1
t+ λ
dν(λ) =
∫
∞
0
1
t+ λ
dµ˜(λ) t > 0.
By analyti ontinuation we realize that both measures ν and µ˜ appear as the
representing measure of an analyti funtion with negative imaginary part
in the omplex upper half plane. They are therefore, by the representation
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theorem for this lass of funtions, neessarily idential. We nally obtain
g(t) = β +
β
t
+
∫
∞
0
1
t+ λ
dµ˜(λ)
= β +
β
t
+
∫ 1
0
1
t + λ
dµ˜(λ) +
∫ 1
0
1
t + λ−1
· 1
λ2
dµ˜(λ−1)
= β +
β
t
+
∫ 1
0
1
t + λ
dµ˜(λ) +
∫ 1
0
1
1 + tλ
dν(λ)
= β +
β
t
+
∫ 1
0
(
1
t+ λ
+
1
1 + tλ
)
dµ˜(λ)
=
∫ 1
0
(
1
t + λ
+
1
1 + tλ
)
dµ(λ).
The statement follows sine every funtion of this form obviously is operator
monotone dereasing and satisfy the funtional equation (6). We also realize
that the representing measure µ is uniquely dened. QED
Remark 2.2. Inspetion of the proof of Theorem 2.1 shows that the Pik
funtion −g(x) = −c(x, 1) has the anonial representation
−g(x) = −g(0) +
∫ 0
−∞
1
λ− t dµ(−λ).
The representing measure therefore appears as 1/pi times the limit measure
of the imaginary part of the analyti ontinuation −g(z) as z approahes the
losed negative half-axis from above, f. for example [3℄. The measure µ in
(7) therefore appears as the image of the representing measure's restrition
to the interval [−1, 0] under the transformation λ→ −λ.
We dene, in the above setting, an equivalent Borel measure µg on the
losed interval [0, 1] by setting
(8) dµg(λ) =
2
1 + λ
dµ(λ)
and obtain:
Corollary 2.3. A positive operator monotone dereasing funtion g dened
in the positive half-axis and satisfying the funtional equation (6) has a
anonial representation
(9) g(t) =
∫ 1
0
1 + λ
2
(
1
t+ λ
+
1
1 + tλ
)
dµg(λ),
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where µg is a nite Borel measure with support in [0, 1]. The funtion g
is normalized in the sense that g(1) = 1, if and only if µg is a probability
measure.
Corollary 2.4. A Morozova-Chentsov funtion c allows a anonial repre-
sentation of the form
(10) c(x, y) =
∫ 1
0
cλ(x, y) dµc(λ) x, y > 0,
where µc is a nite Borel measure on [0, 1] and
(11) cλ(x, y) =
1 + λ
2
(
1
x+ λy
+
1
λx+ y
)
λ ∈ [0, 1].
The Morozova-Chentsov funtion c is normalized in the sense that c(1, 1) = 1
(orresponding to a Fisher adjusted metri), if and only if µc is a probability
measure.
Proof. A Morozova-Chentsov funtion is of the form c(x, y) = y−1f(xy−1)−1,
where f is a positive operator monotone funtion dened in the positive
half-axis and satisfying the funtional equation f(t) = tf(t−1). The funtion
g(t) = f(t)−1 is therefore operator monotone dereasing and satises the
funtional equation (6). It is onsequently of the form (9) for some nite
Borel measure µg. Sine also c(x, y) = y
−1g(xy−1) the assertion follows by
setting µc = µg. QED
We have shown that the set of normalized Morozova-Chentsov funtions
is a Bauer simplex, and that the extreme points exatly are the funtions of
the form (11).
Theorem 2.5. We exhibit the measure µc in the anonial representation
(10) for a number of Morozova-Chentsov funtions.
1. The Wigner-Yanase-Dyson metri with (normalized) Morozova-Chentsov
funtion
c(x, y) =
1
p(1− p) ·
(xp − yp)(x1−p − y1−p)
(x− y)2
is represented by
dµc(λ) =
2 sin ppi
pip(1− p) ·
λp + λ1−p
(1 + λ)3
dλ
for 0 < p < 1.
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The Wigner-Yanase metri is obtained by setting p = 1/2 and it is
represented by
dµc(λ) =
16λ1/2
pi(1 + λ)3
dλ.
2. The Kubo metri with (normalized) Morozova-Chentsov funtion
c(x, y) =
log x− log y
x− y
is represented by
dµc(λ) =
2
(1 + λ)2
dλ.
3. The inreasing bridge with (normalized) Morozova-Chentsov funtions
cγ(x, y) = x
−γy−γ
(
x+ y
2
)2γ−1
is represented by

µc = δ(λ− 1) γ = 0
dµc(λ) =
2 sin γpi
(1 + λ)pi
λ−γ
(
1− λ
2
)2γ−1
dλ 0 < γ < 1
µc = δ(λ) γ = 1,
where δ is the Dira measure with unit mass in zero.
Proof. We alulate the measures by the method outlined in Remark 2.2.
1. For the Wigner-Yanase-Dyson metri we therefore onsider the analyti
ontinuation
−g(reiφ) = −c(reiφ, 1) = −1
p(1− p) ·
(rpeipφ − 1)(r1−pei(1−p)φ − 1)
(reiφ − 1)2
where r > 0 and 0 < φ < pi. We alulate the imaginary part and note that
r → −λ and φ → pi for z → λ < 0. We make sure that the representing
measure has no atom in zero and obtain the desired expression by tedious
but elementary alulations.
2. For the Kubo metri we onsider
−g(x) = −c(x, 1) = − log x
x− 1
10
and alulate the imaginary part
−ℑg(reiφ) = 2r log r sinφ+ φ− φr cosφ
r2 − 2r cosφ+ 1
of the analyti ontinuation. It onverges towards pi/(1 − λ) for z → λ < 0
and towards pi/2 for z = reipi → 0. The representing measure has therefore
no atom in zero, and dµ(λ) = dλ/(1 + λ) whih may be veried by diret
alulation.
3. For the inreasing bridge we onsider
−gγ(x) = −cγ(x, 1) = −x−γ
(
x+ 1
2
)2γ−1
and alulate the imaginary part
−ℑgγ(reiφ) = −r−γr2γ−11 exp i(−γφ + (2γ − 1)θ)
of the analyti ontinuation, where
r1 =
1
2
(r2 + 2r cosφ+ 1)1/2 and θ = arctan
rsinφ
1 + r cosφ
.
We rst note that θ = pi/2 and r1 = (r sinφ)/2 for λ = −1, and that
θ → 0 and r1 → (1 + λ)/2 for −1 < λ ≤ 0. The statement now follows by
examination of the dierent ases. QED
In the referene [6℄ we proved the following exponential representation of
the Morozova-Chentsov funtions.
Theorem 2.6. A Morozova-Chentsov funtion c admits a anonial repre-
sentation
(12) c(x, y) =
C0
x+ y
exp
∫ 1
0
1− λ2
λ2 + 1
· x
2 + y2
(x+ λy)(λx+ y)
h(λ) dλ
where h : [0, 1]→ [0, 1] is a measurable funtion and C0 is a positive onstant.
Both C0 and the equivalene lass ontaining h are uniquely determined by
c. Any funtion c on the given form is a Morozova-Chentsov funtion.
Theorem 2.7. We exhibit the onstant C0 and the representing funtion
h in the anonial representation (12) for a number of Morozova-Chentsov
funtions.
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1. The Wigner-Yanase-Dyson metri with Morozova-Chentsov funtion
c(x, y) =
1
p(1− p) ·
(xp − yp)(x1−p − y1−p)
(x− y)2
is represented by
C0 =
√
2
p(1− p)
(
1− cos ppi
2
)1/2 (
1− cos(1− p)pi
2
)1/2
and
h(λ) =
1
pi
arctan
(λp + λ1−p) sin ppi
1− λ− (λp − λ1−p) cos ppi 0 < λ < 1,
for 0 < p < 1. Note that 0 ≤ h ≤ 1/2.
The Wigner-Yanase metri is obtained by setting p = 1/2 and is rep-
resented by
C0 = 4(
√
2− 1)
and
h(λ) =
1
pi
arctan
2λ1/2
1− λ 0 < λ < 1.
2. The Kubo metri with Morozova-Chentsov funtion
c(x, y) =
log x− log y
x− y
is represented by
C0 =
pi
2
and h(λ) =
1
2
− 1
pi
arctan
(
− log λ
pi
)
.
Note that 0 ≤ h ≤ 1/2.
3. The inreasing bridge with Morozova-Chentsov funtions
cγ(x, y) = x
−γy−γ
(
x+ y
2
)2j−1
is represented by
C0 = 2
1−γ
and h(λ) = γ, 0 ≤ γ ≤ 1.
Setting γ = 0, we obtain that the Bures metri with Morozova-Chentsov
funtion c(x, y) = 2/(x+ y) is represented by C0 = 2 and h(λ) = 0.
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Proof. The analyti ontinuation of the operator monotone funtion g(x) =
log f(x) into the upper omplex plane, where f(x) = c(x, 1)−1 is the operator
monotone funtion representing [19℄ the Morozova-Chentsov funtion, has
bounded imaginary part. The representing measure of the Pik funtion g is
therefore absolutely ontinuous with respet to Lebesgue measure. Sine f
satises the funtional equation f(t) = tf(t−1) we only need to onsider the
restrition of the measure to the interval [−1, 0], and the funtion h appears
[6℄ as the image under the transformation λ → −λ of the Radon-Nikodym
derivative. In the same referene it is shown that the onstant C0 =
√
2e−β
where β = ℜ log f(i).
1. For the Wigner-Yanase-Dyson metri the orresponding operator mono-
tone funtion
f(x) =
1
c(x, 1)
= p(1− p) (x− 1)
2
(xp − 1)(x1−p − 1)
and we alulate by tedious but elementary alulations
lim
z→λ
ℑ log f(z) = − 1
2i
logH λ ∈ (−1, 0),
where
H =
N
((−λ)2p − 2(−λ)p cos ppi + 1)((−λ)2(1−p) − 2(−λ)(1−p) cos(1− p)pi + 1)
and
N = (−λ)2 + 2(−λ)1+peippi + (−λ)2pe2ippi − 2(−λ)2−pe−ippi
+4λ− 2(−λ)peippi + (−λ)2(1−p)e−2ippi + 2(−λ)1−pe−ippi + 1
happens to be the square of the omplex number
(1 + λ)− ((−λ)p − (−λ)1−p) cos ppi − i((−λ)p + (−λ)1−p) sin ppi
with positive real part and negative imaginary part. Sine H has modulus
one we an therefore write
H = e−2iθ λ ∈ (−1, 0),
where 0 < θ < pi/2 and
tan θ =
((−λ)p + (−λ)1−p) sin ppi
1 + λ− ((−λ)p − (−λ)1−p) cos ppi
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whih implies the expression for h. The onstant C0 is obtained by a simple
alulation.
2. For the Kubo metri the orresponding operator monotone funtion
f(x) =
1
c(x, 1)
=
x− 1
log x
and we obtain by setting z = reiφ and z − 1 = r1eiφ1 the expression
ℑ log f(z) = 1
2i
(
log
log r − iφ
log r + iφ
+ 2iφ1
)
0 < φ < φ1 < pi.
Sine
log
log r − iφ
log r + iφ
→ log log(−λ)− ipi
log(−λ) + ipi
for z → λ ∈ (−1, 0) and
log(−λ)− ipi
log(−λ) + ipi = e
−2iθ
where tan θ =
pi
log(−λ)
we obtain
lim
z→λ
ℑ log f(z) = pi − θ pi
2
< θ < pi,
and thus
h(λ) = 1− 1
pi
arctan
pi
log λ
.
The onstant C0 is obtained by a straightforward alulation.
3. The statement for the inreasing bridge was proved in [6℄. QED
3 Convexity statements
Proposition 3.1. Every Morozova-Chentsov funtion c is operator onvex,
and the mappings
(ρ, δ)→ TrA∗c(Lρ, Rδ)A
and
ρ→ Kcρ(A,A)
dened on the state manifold are onvex for arbitrary A ∈Mn(C).
Proof. Let c be a Morozova-Chentsov funtion. Sine inversion is operator
onvex, it follows from the representation given in (10) that c as a funtion
of two variables is operator onvex. The two assertions now follows from [7,
Theorem 1.1℄. QED
14
Lemma 3.2. Let λ ≥ 0 be a onstant. The funtions of two variables
f(t, s) =
t2
t+ λs
and g(t, s) =
ts
t+ λs
are operator onvex respetively operator onave on (0,∞)× (0,∞).
Proof. The rst statement is an appliation of the onvexity, due to Lieb and
Ruskai, of the mapping (A,B)→ AB−1A. Indeed, setting
C1 = A1 ⊗ I2 + λI1 ⊗ B1 and C2 = A2 ⊗ I2 + λI1 ⊗ B2
we obtain
f(tA1 + (1− t)A2, tB1 + (1− t)B2)
=
(
(tA1 + (1− t)A2)⊗ I2
)
(tC1 + (1− t)C2)−1
(
(tA1 + (1− t)A2)⊗ I2
)
≤ t(A1 ⊗ I2)C−11 (A1 ⊗ I2) + (1− t)(A2 ⊗ I2)C−12 (A2 ⊗ I2)
= tf(A1, B1) + (1− t)f(A2, B2) t ∈ [0, 1].
The seond statement is a onsequene of the onavity of the harmoni mean
H(A,B) = 2(A−1 +B−1)−1.
Indeed, we may assume λ > 0 and obtain
g(tA1 + (1− t)A2, tB1 + (1− t)B2)
=
1
2
H
(
t(λ−1A1 ⊗ I2) + (1− t)(λ−1A2 ⊗ I2), t(I1 ⊗ B1) + (1− t)(I1 ⊗B2)
)
≥ t1
2
H(λ−1A1 ⊗ I2, I1 ⊗B1) + (1− t)1
2
H(λ−1A2 ⊗ I2, I1 ⊗ B2)
= tg(A1, B1) + (1− t)g(A2, B2)
for t ∈ (0, 1]. QED
Proposition 3.3. Let c be a Morozova-Chentsov funtion. The funtion of
two variables
cˆ(x, y) = (x− y)2c(x, y) x, y > 0
is operator onvex.
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Proof. A Morozova-Chentsov funtion c allows the representation (10) where
µ is some nite Borel measure with support in [0, 1]. Sine
(x− y)2
x+ λy
=
x2 + y2 − 2xy
x+ λy
by Lemma 3.2 is a sum of operator onvex funtions the assertion follows.
QED
Proposition 3.4. Let c be a regular Morozova-Chentson funtion. We may
write cˆ(x, y) = (x− y)2c(x, y) on the form
(13) cˆ(x, y) =
x+ y
m(c)
− dc(x, y) x, y > 0,
where the positive symmetri funtion
(14) dc(x, y) =
∫ 1
0
xy · cλ(x, y)(1 + λ)
2
λ
dµc(λ)
is operator onave in the rst quadrant, and the nite Borel measure µc is
the representing measure in (10) of the Morozova-Chentsov funtion c. In
addition, we obtain the expression
(15)
Icρ(A) =
m(c)
2
TrAcˆ(Lρ, Rρ)A
= Tr ρA2 − m(c)
2
TrAdc(Lρ, Rρ)A
for the metri adjusted skew information.
Proof. We rst notie that
(16)
∫ 1
0
(1 + λ)2
2λ
dµc(λ) = lim
t→0
c(t, 1) =
1
m(c)
and obtain
dc(x, y) =
x+ y
m(c)
− cˆ(x, y)
=
x+ y
m(c)
− (x− y)2c(x, y)
= (x+ y)
∫ 1
0
(1 + λ)2
2λ
dµc(λ)− (x− y)2
∫ 1
0
cλ(x, y) dµc(λ)
=
∫ 1
0
(
(x+ y)
(1 + λ)2
2λ
− (x− y)2cλ(x, y)
)
dµc(λ).
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The asserted expression of dc then follows by a simple alulation and the
denition of cλ(x, y) as given in (11). The funtion dc is operator onave in
the rst quadrant by Proposition 3.3. QED
Denition 3.5. We all the funtion dc dened in (14) the representing fun-
tion for the metri adjusted skew information Icρ(A) with (regular) Morozova-
Chentsov funtion c.
We introdue for 0 < λ ≤ 1 the λ-skew information Iλ(ρ, A) by setting
Iλ(ρ, A) = I
cλ
ρ (A).
The metri is regular with metri onstant m(cλ) = 2λ(1 + λ)
−2
and the
representing measure µcλ is the Dira measure in λ. The representing funtion
for the metri adjusted skew information is thus given by
dcλ(x, y) = xy · cλ(x, y)
(1 + λ)2
λ
=
m(cλ)
2
xy · cλ(x, y).
If we set
(17) fλ(x, y) = xy · cλ(x, y) = 1 + λ
2
(
xy
x+ λy
+
xy
λx+ y
)
x, y > 0,
we therefore obtain the expression
(18) Iλ(ρ, A) = Tr ρA
2 − TrAfλ(Lρ, Rρ)A
for the λ-skew information.
Corollary 3.6. Let c be a regular Morozova-Chentsov funtion. The metri
adjusted skew information may be written on the form
Icρ(A) =
m(c)
2
∫ 1
0
Iλ(ρ, A)
(1 + λ)2
λ
dµc(λ),
where µc is the representing measure and m(c) is the metri onstant.
Proof. By applying the expressions in (15) and (14) together with the obser-
vation in (16) we obtain
Icρ(A) = Tr ρA
2 − m(c)
2
∫ 1
0
TrAfλ(Lρ, Rρ)A
(1 + λ)2
λ
dµc(λ)
= m(c)
2
(Tr ρA2 − TrAfλ(Lρ, Rρ)A)(1 + λ)
2
λ
dµc(λ)
and the assertion follows. QED
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3.1 Measures of quantum information
The next result is a diret generalization of the Wigner-Yanase-Dyson-Lieb
onvexity theorem.
Theorem 3.7. Let c be a regular Morozova-Chentsov funtion. The metri
adjusted skew information is a onvex funtion, ρ→ Icρ(A), on the manifold
of states for any self-adjoint A ∈ Mn(C).
Proof. The funtion cˆ(x, y) = (x − y)2c(x, y) is by Proposition 3.3 operator
onvex. Applying the representation of the metri adjusted skew information
given in (4), the assertion now follows from [7, Theorem 1.1℄. QED
The above proof is partiularly transparent for the Wigner-Yanase-Dyson
metri, sine the funtion
cˆWYD(λ, µ) =
1
p(1− p)(λ
p − µp)(λ1−p − µ1−p)
=
1
p(1− p)(2− λ
pµ1−p − λ1−pµp)
is operator onvex by the simple argument given in [7, Corollary 2.2℄.
Wigner and Yanase [22℄ disussed a number of other onditions whih a
good measure of the quantum information ontained in a state with respet
to a onserved observable should satisfy, but noted that onvexity was the
most obvious but also the most restritive and diult ondition. In addition
to the onvexity requirement an information measure should be additive with
respet to the aggregation of isolated systems. Sine the state of the aggre-
gated system is represented by ρ = ρ1 ⊗ ρ2 where ρ1 and ρ2 are the states of
the systems to be united, and the onserved quantity A = A1 ⊗ 1 + 1 ⊗ A2
is additive in its omponents, we obtain
[ρ, A] = [ρ1, A1]⊗ ρ2 + ρ1 ⊗ [ρ2, A2].
Inserting ρ and A, as above, in the denition of the metri adjusted skew
information (3), we obtain
Icρ(A) =
m(c)
2
Tr
(
i[ρ1, A1]⊗ ρ2 + ρ1 ⊗ i[ρ2, A2]
)
c(Lρ1 , Rρ1)⊗ c(Lρ2 , Rρ2)
(
i[ρ1, A1]⊗ ρ2 + ρ1 ⊗ i[ρ2, A2]
)
.
The ross terms vanish beause of the yliity of the trae, and sine ρ1 and
ρ2 have unit trae we obtain
Icρ(A) = I
c
ρ1
(A1) + I
c
ρ2
(A2)
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as desired. The metri adjusted skew information for an isolated system
should also be independent of time. But a onserved quantity A in an isolated
system ommutes with the Hamiltonian H, and sine the time evolution of
ρ is given by ρt = e
itHρe−itH we readily obtain
Icρt(A) = I
c
ρ(A) t ≥ 0
by using the unitary invariane of the metri adjusted skew information.
The variane Varρ(A) of a onserved observable A with respet to a state
ρ is dened by setting
Varρ(A) = Tr ρA
2 − (Tr ρA)2.
It is a onave funtion in ρ.
Theorem 3.8. Let c be a regular Morozova-Chentsov funtion. The met-
ri adjusted skew information Ic(ρ, A) may for eah onserved (self-adjoint)
variable A be extended from the state manifold to the state spae. Further-
more,
Icρ(A) = Varρ(A)
if ρ is a pure state, and
0 ≤ Icρ(A) ≤ Varρ(A)
for any density matrix ρ.
Proof. We note that the representing funtion d in (14) may be extended to a
ontinuous operator onave funtion dened in the losed rst quadrant with
d(t, 0) = d(0, t) = 0 for every t ≥ 0, and that d(1, 1) = 2/m(c). Sine a pure
state is a one-dimensional projetion P, it follows from the representation in
(4) and the formula (13) that
IcP (A) =
m(c)
2
Tr
(
APA+ AAP
m(c)
− d(1, 1)APAP
)
= TrPA2 − Tr(PAP )2
= TrPA2 − (TrPA)2
= VarP (A).
An arbitrary state ρ is by the spetral theorem a onvex ombination ρ =∑
i λiPi of pure states. Hene
Icρ(A) ≤
∑
i
λiI
c
Pi
(A) =
∑
i
λiVarPi(A) ≤ Varρ(A),
where we used the onvexity of the metri adjusted skew information and
the onavity of the variane. QED
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3.2 The metri adjusted orrelation
We have developed the notion of metri adjusted skew information, whih is
a generalization of the Wigner-Yanase-Dyson skew information. It is dened
for all regular metris (symmetri and monotone), where the term regular
means that the assoiated Morozova-Chentsov funtions have ontinuous ex-
tensions to the losed rst quadrant with nite values everywhere exept in
the point (0, 0).
Denition 3.9. Let c be a regular Morozova-Chentsov funtion, and let d be
the representing funtion (14). The metri adjusted orrelation is dened by
Corrcρ(A,B) = Tr ρA
∗B − m(c)
2
TrA∗ d(Lρ, Rρ)B
for arbitrary matries A and B.
Sine d is symmetri, the metri adjusted orrelation is a symmetri
sesqui-linear form whih by (15) satises
Corrcρ(A,A) = I
c
ρ(A) for self-adjointA.
The metri adjusted orrelation is not a real form on self-adjoint matries,
and it is not positive on arbitrary matries. Therefore, Cauhy-Shwartz
inequality only gives a bound
(19) |ℜCorrcρ(A,B)| ≤ Icρ(A)1/2Icρ(A)1/2 ≤ Varρ(A)1/2 · Varρ(B)1/2
for the real part of the metri adjusted orrelation. However, sine
Corrcρ(A,B)− Corrcρ(B,A) = Tr ρ[A,B] A∗ = A, B∗ = B,
we obtain
1
2
|Tr ρ[A,B]| = |ℑCorrcρ(A,B)|
for self-adjoint A and B. The estimate in (19) an therefore not be used to
improve Heisenberg's unertainty relations
3
.
3
In the rst version of this paper, whih appeared on July 22 2006, the estimation in
(19) was erroneously extended to the metri adjusted skew information itself and not only
to the real part, f. also Luo [15℄ and Kosaki [12℄. The author is indebted to Gibiliso and
Isola for pointing out the mistake.
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3.3 The variant bridge
The notion of a regular metri seems to be very important. We note that
the Wigner-Yanase-Dyson metris and the Bures metri are regular, while
the Kubo metri and the maximal symmetri monotone metri are not.
The ontinuously inreasing bridge with Morozova-Chentsov funtions
cγ(x, y) = x
−γy−γ
(
x+ y
2
)2j−1
0 ≤ γ ≤ 1
onnets the Bures metri c0(x, y) = 2/(x+ y) with the maximal symmetri
monotone metri c1(x, y) = 2xy/(x + y). Sine the Bures metri is regular
and the maximal symmetri monotone metri is not, any bridge onneting
them must fail to be regular at some point. However, the above bridge fails
to be regular at any point γ 6= 0. A look at the formula (12) shows that a
symmetri monotone metri is regular, if and only if λ−1 is integrable with
respet to h(λ) dλ. We may obtain this by hoosing for example
hp(λ) =
{
0, λ < 1− p
p, λ ≥ 1− p 0 ≤ p ≤ 1
instead of the onstant weight funtions. Sine∫
(λ2 − 1)(1 + t2)
(1 + λ2)(λ+ t)(1 + λt)
dλ = log
1 + λ2
(λ+ t)(1 + λt)
we are by tedious alulations able to obtain the expression
fp(t) =
1 + t
2
(
4(1− p+ t)(1 + (1− p)t)
(2− p)2(1 + t)2
)p
t > 0
for the normalized operator monotone funtions represented by the hp(λ)
weight funtions [6, Theorem 1℄. The orresponding Morozova-Chentsov
funtions are then given by
(20) cp(x, y) =
(2− p)2p
(x+ (1− p)y)p((1− p)x+ y)p
(
x+ y
2
)2p−1
for 0 ≤ p ≤ 1. The weight funtions hp(λ) provides a ontinuously inreasing
bridge from the zero funtion to the unit funtion. But we annot be sure that
the orresponding Morozova-Chentsov funtions are everywhere inreasing,
sine we have adjusted the multipliative onstants suh that all the funtions
fp(t) are normalized to fp(1) = 1. However, sine by alulation
∂
∂p
fp(t) =
−2p2(1− t)2
(2− p)3(1 + t)
(
4(1− p+ t)(1 + (1− p)t)
(2− p)2(1 + t)2
)p−1
< 0,
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we realize that the representing operator monotone funtions are dereasing
in p for every t > 0. In onlusion, we have shown that the symmetri
monotone metris given by (20) provides a ontinuously inreasing bridge
between the smallest and largest (symmetri and monotone) metris, and
that all the metris in the bridge are regular exept for p = 1.
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